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Abstract
This work deals with new results on the Kalb-Ramond (KR) field localization in braneworld
models. We consider a five-dimensional warped spacetime with an embedded 4D thick brane which
is generated by two real scalar fields coupled with gravity (the so called Bloch brane). We find
a KR field zero mode localized with the inclusion of the dilaton coupling. Analyzing the massive
spectrum, we detected a series of resonant modes that arise from the solutions of the Schro¨dinger-
like equation for KR field. The effects of the brane thickness and of the dilaton coupling over the
resonance structures are determined. Such analysis is extended to the resonance lifetimes of the
massive modes, allowing a better understanding on the localization mechanism of the model.
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I. INTRODUCTION
Over the past years, brane-world models have been proposed as an alternative solution to
solve the hierarchy and the cosmological constant problems [1–3]. Such models consider the
gravity free to propagate into the extra dimension, while the matter fields are constrained
to propagate only on the brane. However, some problems were encountered to localize the
standard model (SM) fields in Randall-Sundrum (RS) scenario, such as spin-1 fields [4]. In
this way, to circumvent these problems and to keep the idea of brane worlds, some works
have considered a five-dimensional spacetime (bulk) where the observable universe (brane) is
taken as a topological defect with solutions that may be interpreted as non-singular versions
of the RS scenario [5, 6].
Topological defects like domain walls have been used to represent brane-world models
with one extra dimension [5, 7, 8]. Such models can be constructed from scalar fields
coupled to gravity, giving rise to thick branes scenarios [9]. Some of these models may be
used to mimic new brane worlds containing internal structures [10] with implications on the
density of matter-energy along the extra dimensions [11]. The advantages of these models
over the RS model is that they are non-singular and dynamically generated. Moreover,
the warp factor is a smooth function determined by the scalar potential. In this work we
consider a Bloch brane model [12], which is constructed from two real scalar fields coupled
with gravity. Such model admits internal structure and the defect thickness is controlled by
a real parameter. Recently, the localization of several types of bulk fields, such as fermions
[13–15], gauge fields [16] and gravity [12] have been investigated on the above scenario. In
these papers, however, the issue concerning the localization of the antisymmetric tensor
fields, such as the Kalb-Ramond field was not regarded.
The Kalb-Ramond field is a 2-form field which plays important role in string theories
and field theories. For example, it appears as a mode of massless excitations in the low-
energy limit of closed strings. In extended supergravity it emerges as an auxiliary field
in a supermultiplet [17]. Also in string theory, the rank-2 skew-symmetric KR field is the
gauge of strings, that is coupled, in heterotic string theory, to the Yang-Mills-Chern-Simons
three-form [17, 18].
The anti-symmetrical tensors are natural objects pertaining in differential manifolds.
They give important features in the construction of the manifold’s volume and therefore
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its orientation [19]. Recently, in RS higher-dimensional framework, a lot of attention has
been given to the study of optical activity of electromagnetic waves in a KR cosmological
background [20]. The field strength tensor for KR field HMNQ is usually related with a
Riemann-Cartan spacetime with torsion [21]. Recent studies at the RS scenario have asso-
ciated the presence of the torsion with the KR field, which can exist together with gravity
even outside of the brane [22]. We can still cite the importance of higher spin fields in AdS5
spaces due to the AdS/CFT correspondence [23].
The existence of a tensor gauge field on the Bloch brane are of great interest because it
can indicate new types of particles. It is therefore, quite important to study the dynamics
of such field and, especially, their localization in the brane-world scenarios. We consider
specifically the Bloch brane with the inclusion of the dilaton field because the KR field
could not be localized on the basic two-field model as presented in the work [12].
From previous results obtained in thick brane models, we see that the dilaton scalar
field is required to be added to the background and to interact directly with gauge fields in
order to obtain normalized zero mode solutions [24]. The same coupling was introduced in
Refs. [25–27] to study the behavior of vector and tensor gauge fields in branes generated
by kinks. In string theory, the dilaton is considered a scalar partner of the spin-2 graviton
and determines the string coupling constant [28]. Furthermore, the dilaton-matter coupling
violates the equivalence principle, as shown in Ref. [29].
In Ref. [30] the authors consider the dilaton and moduli supermultiplets as candidates
for dark matter, showing evidences of low-energy physics in string theory. Motivated by
these results, we propose to apply the same technique to analyze the behavior of the KR
field on the Bloch brane. As we will see, the thickness defect will influence the coupling of
the massive modes with matter, as well as the intensity of the dilaton coupling with the KR
field.
Recently, a lot of attention has been given to the search of resonances in warped space-
times [5, 14, 16, 25, 31–37]. The interest in such objects is that they give us important infor-
mation about the interaction of Kaluza-Klein massive spectrum with the four-dimensional
brane. In thick brane scenarios, the resulting potential on the Schro¨edinger-like equation
has a volcano form. So, a natural question is if the incident plane wave of the extra dimen-
sion may exhibit a resonant structure with this potential. The physical importance of these
states is that to a four-dimensional observer they will give a quasi-discrete spectrum of low
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mass KK states with non-suppressed couplings to the matter on the defect [5].
In the context of gravity localization, the existence of a resonant mode at zero energy
was related to “quasilocalization” of the graviton [37]. More recently, resonant modes were
obtained for fermionic fields in various thick brane models [14, 31–34]. Such states also
helped the analysis of the KK modes of gauge fields [16, 25]. Now, we have applied the
same approach to study the behavior of the KR field localization on a brane with internal
structure. The resonances found reveal us a quasi-discrete spectrum of massive modes highly
coupled to the brane.
This work is organized as follows. In Sec. II, we present the Bloch brane scenario added
to the dilaton coupling. In Sec. III we search for a zero mode localized for the KR field on
the previous setup. In Sec. IV, we analyze the massive spectrum and search for resonance
structures. Finally, we present our conclusions in Sec. V.
II. DILATONIC BLOCH BRANE SETUP
In this section we introduce the thick brane scenario that we consider to study the local-
ization of tensor gauge fields. The basic Bloch brane background, as previously studied in
references [12–14], is unable to localize the KR field zero mode [26]. Indeed, the tensor gauge
field geometry associated with the warp factor leads to a divergent effective action. Thus,
an interesting question is the investigation of how the KR field can be localized. In this
context, a mechanism largely used to allow the localization of fields in thick brane setups
[24–27, 39] consists in adding the dilaton field in the matter sector. So, we will study the
features of the KR field in a scenario named dilatonic Bloch brane, defined by the action
S =
∫
d5x
√−G
[
1
4
R− 1
2
(∂φ)2 − 1
2
(∂χ)2 − 1
2
(∂pi)2 − V (φ, χ, pi)
]
, (1)
where G = det(GAB) and R is the Ricci scalar, with Latin indices used for the bulk coor-
dinates. The brane is composed by the two fields φ and χ which depend only on the extra
dimension y. Following reference [24], we maintain the fields φ and χ and include the dilaton
scalar field pi(y) that will couple directly with the KR field. It is important to note that the
scalar fields form the background, however, they are not really bulk fields but the stuff of
which the brane is made. For this reason we will not analyze the localization of the scalar
fields like the dilaton. Instead, we focus our attention on the localization of the bulk field
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considered, the tensor gauge field. The differences of the dilaton to the other scalar fields
will be clarified when we complete the background description. The geometric framework is
an AdS five-dimensional spacetime with the following metric:
ds2 = e2A(y)ηµνdx
µdxν + e2B(y)dy2, (2)
where A(y) and B(y) are warp factors to be determined by the Einstein equations. The
Minkowski metric nµν is diagonal with entries (−1, 1, 1, 1) and Greek indices vary from 1 to
4. The equations of motion coming from the action are
φ′2 + χ′2 + pi′2 − 2e2BV = 6A′2
φ′2 + χ′2 + pi′2 + 2e2BV = −6A′2 + 3A′B′ − 3A′′ (3)
γ′′ + (4A′ − B′)γ′ = e2B∂γV, with γ = φ, χ, pi,
where prime stands for derivative with respect to y.
Therefore, we can obtain first-order differential equations from Eq. (3) by taking the po-
tential in terms of a superpotential W (φ, χ) [40–42]. To maintain the Bloch brane structure
we consider the following potential function [24]:
V = epi
√
2
3
[
1
8
(
∂W
∂φ
)2
+
1
8
(
∂W
∂χ
)2
− 5
16
W 2
]
. (4)
We obtain first-order differential equations that solve the equations of motion
φ′ =
1
2
∂W
∂φ
, χ′ =
1
2
∂W
∂χ
pi = −
√
3
8
A,
B =
A
4
= −pi
2
√
2
3
,
A′ = −W
3
. (5)
The Bloch brane model is obtained by the following superpotential function [43–45]:
W (φ, χ) = 2φ− 2
3
φ3 − 2rφχ2, (6)
and we obtain the solutions to the scalar fields modeling the brane as
φ(y) = tanh(2ry), (7)
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and
χ(y) =
√(
1
r
− 2
)
sech(2ry). (8)
The factor r is a real parameter that controls the brane thickness. We can see that for the
limit r = 1
2
, the one-field scenario is recovered.
The warp factor obtained is
A(y) =
1
9r
[
(1− 3r) tanh2(2ry)− 2 ln cosh(2ry)
]
. (9)
This brane model supports internal structure which influences the matter-energy density
along the extra dimension. We can find more details about this feature and graphical
analysis of the solutions (7, 8, and 9) in the reference [12].
Despite the inclusion of the dilaton scalar field, our brane model preserves the same
solutions as the original Bloch brane scenario. The complete analysis showing the stability
of this thick brane model was performed in the work [12]. Furthermore, the same soliton
solution was also obtained in the study of systems of two coupled scalar fields [46, 47], and
have motivated the construction of the Bloch brane.
The study concerning the classical stability of solutions obtained from systems of coupled
scalar fields, as we have considered, was performed in the works [48, 49]. In such approaches
the classical or linear stability was shown by proving that the associate Schro¨dinger operator
is positive semi-definite. After performing fluctuations about static solutions of the scalar
fields and substituting in the Euler-Lagrange equations of motion, Bazeia and collaborators
obtained a Schro¨dinger equation with non-negative eigenvalues.
The metric that we use with the dilaton coupling, namely the metric defined by Eq. (2),
is different from that it is used in the original Bloch brane setup. However, as showed in
Ref. [24], the standard perturbation in that metric leads to graviton equations that can be
cast into a supersymmetric quantum mechanical form ensuring us that their spectrum is
free from tachyons.
III. KALB-RAMOND FIELD ZERO MODE
After define the brane scenario, the next step is to analyze the localization of the KR field
zero mode and the influence of the dilaton coupling. The dilaton field will couple directly
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with the KR field in a combination defined by the action [50, 51]:
S ∼
∫
d5x
√−G(e−λpi
√
8
3HMNLH
MNL), (10)
where HMNL = ∂[MBNL] and λ is a constant that controls the intensity of the dilaton
coupling. Therefore, we must analyze the equations of motion for the tensor gauge field in
the dilatonic Bloch brane background. This equation takes the form
∂M(
√−GGMPGNQGLRe−λpi
√
8
3HPQR) = 0. (11)
With the gauge choice Bα5 = ∂µB
µν = 0 and with the separation of variables
Bµν(xα, y) = bµν(xα)U(y) = bµν(0)eipαx
α
U(y), (12)
where p2 = −m2, it is obtained a differential equation which give us information about the
extra dimension, namely
d2U(y)
dy2
− [λpi′(y)
√
8
3
+B′(y)
]dU(y)
dy
= −m2e2[B(y)−A(y)]U(y) (13)
To solve Eq. (13) for zero mode m = 0, we use the following relation
dU(y)
dy
= g(y), (14)
and obtain a solution for g(y) as
g(y) = ke[λpi(y)
√
8
3
+B(y)], k = g(0)e−[λpi(0)
√
8
3
+B(0)]. (15)
Using the relations (5) we find a solution for the zero mode of the KR field as a function of
the extra dimension given by
U(y) = k
∫ y
y0
e(
1
4
−λ)A(y′)dy′. (16)
The above solution is finite for λ < 1
4
where it interpolates between two constant values on
both sides of the membrane when y → ±∞. The solution (16) is plotted in Figure (1). As
we can see, there is a transition region which separates the two interfaces. The thickness of
this region as well as the thickness of the defect is controlled by the parameter r. In this
case, when increasing r the thickness of the transition region is reduced.
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Figure 1: Plots of the solution U(y) in Eq. (16) with r = 0.01 (points), r = 0.05 (dashed line) and
r = 0.25 (solid line). We have put λ = 1/8.
Despite we obtain a finite solution, we still cannot guarantee the existence of a localized
zero mode. The effective action for the zero mode in five dimensions is
S ∼
∫
d5x
√−G(e−λpi
√
8
3HMNLH
MNL) =
∫
dy(U(y))2eA(y)(λ−
7
4
)
∫
d4x(hµναh
µνα). (17)
We observe that for λ < 1
4
, the condition to have a finite solution for U(y), we obtain a
divergent effective action. However, a particular solution of the equation of motion (13) is
simply U(y) ≡ cte. Given the solution U(y) constant it is possible to show that the integral
in the y variable on the effective action is finite if λ > 7
4
. As a consequence, for a specific
value of the coupling constant λ it is possible to obtain a localized zero mode of the KR
field.
In order to show the importance of choosing the dilatonic Bloch brane to have a localized
zero mode we can test cancel the dilaton influence. To this purpose we consider λ = 0
and the metric ds2 = e2A(y)ηµνdx
µdxν + dy2. With the same gauge choice and separation of
variables, we find the following equation to the KR field in the extra dimension:
d2U(y)
dy2
= −m2e−2A(y)U(y) (18)
When m2 = 0 we have the solutions U(y) = cy+d and U(y) = c with c and d constants. We
take again the effective action for the tensor field where we decomposed the part dependent
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on the extra dimension,
S ∼
∫
dyU(y)2e−2A(y)
∫
d4x(hµνλh
µνλ). (19)
Given the solutions for A(y) in Eq. (9) and for U(y) obtained above, we clearly observe
that due to the minus sign in the warp factor, the function U(y)2e−2A(y) goes to infinity
for the two solutions of U(y). In this way, the effective action for the zero mode of the
Kalb-Ramond field is not finite after integrating the extra dimension. This show us that the
Bloch brane scenario without the dilaton coupling is not capable to support a zero mode
localized to the KR field.
IV. MASSIVE SPECTRUM AND RESONANCES
In order to analyze the massive modes in this background, we make use of Eq. (13) and
the relations obtained in Eq. (5). Thus, we get
d2U(y)
dy2
− αA′(y)dU(y)
dy
= −m2e− 32A(y)U(y), (20)
where α = 1
4
− λ. Performing the following transformations:
dz = dye−
3
4
A, U = e(
α
2
+ 3
8
)AU, (21)
we can write Eq. (20) as a Schro¨dinger-like equation in the form{
− d
2
dz2
+ V (z)
}
U = m2U, (22)
with the potential V (z) given by
V (z) =
[
β2(A˙)2 − βA¨
]
, β =
α
2
+
3
8
, (23)
where the dot stands for derivative with respect to z.
The Schro¨dinger-like equation (22) can be rewritten in the formalism of supersymmetric
quantum mechanics as follows:
Q†QU(z) =
{
− d
dz
+ βA˙
}{
d
dz
+ βA˙
}
U(z) = m2U(z). (24)
Now looking at the form of Eq. (24), we can exclude the possibility that the normalized
negative energy modes exist [52].
9
-100 -50 0 50 100
-0.10
-0.05
0.00
0.05
0.10
0.15
0.20
0.25
z
V HzL
r=0.05
r=0.02
r=0.01
-100 -50 0 50 100
-0.01
0.00
0.01
0.02
0.03
0.04
0.05
0.06
z
V HzL
Λ=8
Λ=4
Λ=2
Figure 2: Plots of V (z) for λ = 10 (left) and r = 0.01 (right).
The mass spectrum is determined by the characteristics of the potential at infinity. If
V → 0 when z → ∞, then we have a continuous gapless spectrum of Kaluza-Klein states.
Due to the transformations in Eq. (21), we cannot achieve the analytical structure of the
potential V (z) and hence, the wave functions for the massive modes that are solutions of
Eq. (24) does not have an analytical representation. However, we will be able to analyze
V (z) numerically.
In Fig. 2 we have shown V (z) for some values of constants λ and r. Observing the
asymptotic behavior of the potential, we conclude that limz→∞ V (z) = 0 and the continuum
spectrum is gapless. The most relevant information that we can extract from these graphs
refers to the maximum points of the potential. The solutions of massive modes on the brane
depends on the maximum value of the potential, but for m2 ≫ Vmax this dependence be-
comes negligible. However, when we have m2 < Vmax the potential structure will influence
the solution of the massive modes near z = 0.
Looking still to Fig. 2, we see that raising the value of the dilaton coupling constant
implies an increasing in the maximum value of the potential. The same feature is observed
when increasing the value of r, i.e., when one grows up the thickness of the brane.
For a given potential we must know the behavior of the solutions U(z) in relation to
their masses. With this purpose, we plot in Fig. (3) the solutions of U(z) for m = 1 (left)
and m = 20 (right). In both cases, we use the same potential, while keeping constant λ
and r. The light modes (m2 < Vmax) are suppressed in the region between the maxima
of the potential and in the region distant from the brane, where they can be approximated
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Figure 3: Plots of V (z) and U(z) for m = 1 (left) and m = 20 (right). We put λ = 20 and r = 0.25
in two graphics.
by plane wave solutions. However, the modes in which m2 ≫ Vmax possess plane wave
solution across all extra dimension. It is worth noting that either the dilaton coupling as
well as the brane thickness affect the solutions of the massive modes in the extra dimension.
Thus, these two constants modify the coupling of the tensor gauge field with the matter on
the brane.
A very interesting feature is that although the massive modes with m2 < Vmax are
suppressed at z = 0, there is a possibility that for some specific values of masses, the
plane wave solutions of the Schro¨dinger equations can resonate with the potential, yielding
resonance modes [5, 36, 37]. Such structures exhibit very large solutions within the brane,
when comparing its value when z → ∞. In order to search for resonances, we must know
the solutions of U(z) at z = 0 with respect to the mass. In this way, we take the probability
density of the wave function at the center of the brane P (m) = |ζU(0)|2, where ζ is a
normalization constant taken at the box −200 < z < 200.
In Fig. (4) we present P (m) for λ = 46 and r = 0.01. It is observed the existence of
three resonances in m = 0.90878, m = 0.9740 and m = 1.0245. The difference among them,
besides the masses, is determined by their lifetimes. We can estimate the lifetime τ of a
resonance by (∆m)−1, where ∆m is the width at half maximum in mass of the peaks in
P (m) [14, 31–33, 38].
Regarding solutions of the Schro¨dinger equation, resonances with higher lifetimes charac-
terize solutions of U(z) with large amplitudes on the brane location. To better understand
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Figure 4: Plots of P (m) with λ = 46 and r = 0.01. We note three resonance peaks with masses
m = 0.90878, m = 0.9740 and m = 1.0245 with lifetimes τ = 1.00 × 105, τ = 5.55 × 103 and
τ = 1.76 × 102 respectively.
this feature, we present in Fig. (5) the solutions for two resonant modes as seen in Fig. (4).
The selected masses were m = 0.90878 and m = 1.0245 with lifetime τ = 1.00 × 105 and
τ = 1.76 × 102, respectively. The solution for the resonant mode with the highest lifetime
(left) has a wider amplitude at z = 0, when compared with another one (right). This shows
us that these modes are highly coupled with matter on the brane, as compared to the non-
resonant modes. The calculation of τ is also useful to show which peaks in P (m) can be
considered resonances. For example, in situations where ∆m greater than the peak position
m, the lifetimes are so small that they do not produce any measurable effects. Thus, these
modes cannot be considered resonances.
Another question is whether the resonance structures may be affected by the intensity
of the dilaton coupling, as well as the thickness of the defect. This issue can be better
understood by knowing how the masses of the resonant modes are modified according to the
constants λ and r. Excluding cases with very small lifetimes, we shown in Fig. (6) a series
of mass values of peaks obtained in terms of P (m) as a function of λ and r. The connected
points correspond to the same resonance structure. As we can see, increasing the values of
λ or r the masses of the peaks in the probability density function increases too. Therefore,
raising λ or r implies an increase of the mass in each resonance spectrum. In general, the
12
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Figure 5: Plots of U(z)2 with masses m = 0.90878 (left) and m = 1.0245 (right) where we have
put λ = 46 and r = 0.01. Note that these two masses correspond to resonances as shown in Fig.
(4).
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Figure 6: Plots of the resonance masses in function of r (left) and λ (right). We have put λ = 10
(left) and r = 0.01 (right).
mass range where the resonances appear correspond to larger values of m, as r or λ increase.
This is connected to the characteristics of the potential V (z) to the KR field. The maximum
potential is raised when we increase λ or r so that the light modes are suppressed in the
region near z = 0 and resonant modes appear for bigger masses.
Let us now consider what happens when the defect thickness is changed on the resonant
13
Table I: The mass, width and lifetimes of resonances in function of λ and r.
λ =10 r=0.01
r m ∆m τ λ m ∆m τ
0.011 0.1590 0.00018 5555.55 30 0.6673 0.0135 74.074
0.012 0.1694 0.00021 4761.90 32 0.6966 0.0035 285.714
0.013 0.1798 0.00025 4000 34 0.7215 0.00084 1190.47
0.014 0.1897 0.00028 3571.4 36 0.7950 0.00017 5882.35
0.015 0.1997 0.00033 3030.3 38 0.8237 0.000027 37037.4
modes. First we note that for r = 0.002 (See Fig. 6, left) there are two resonances in the
spectrum. However, when r = 0.015 there is only one resonance. The one with greater mass,
represented by the upper line in Fig. 6 (left), it vanishes near r = 0.01. On the other hand,
increasing the value of λ as seen in Fig.6 (right), we observe a slight uptick in the number of
resonances. This behavior can be understood through the relation on lifetimes of resonance
with respect to the parameters r and λ. In Table I, we display some values of r and λ, and
the corresponding lifetimes. As can be seen, an increase in r corresponds to a reduction on
the resonance lifetimes, and the opposite happens for λ. This feature explains why we have
more resonances when increasing λ or reducing r [14].
Still in Fig. (6) we note that when we reduce λ, the lines corresponding to the same reso-
nance disappear. This occurs because they acquire too small lifetimes. However, increasing
λ, the resonance lifetimes are increased and their widths become so small that cannot be
detected due to computational limitations.
V. SUMMARY
Concerning the localization in thick brane models, many studies show that the KR field
cannot have zero mode localized on the usual Bloch brane setup [12–14]. Actually, in these
papers it was found that the solutions of the equation of motion for the KR field yield a
divergent effective action, breaking the localization mechanism.
Aiming to overcome this result, we employ a well-known method within the context of
the localization for gauge and tensor gauge fields on the branes [24–26, 39]. It consists of
14
adding an extra field to the model, the dilaton, which coupled to the KR field, enabled us
to locate a zero mode on the Block brane.
Moreover, we rewrite the equation of motion for the KR field as a Schro¨dinger-like equa-
tion, and from the analysis of the massive modes we conclude that the spectrum is free of
negative energy states. In particular, light mode states are suppressed in the region among
the maxima of the potential. Nevertheless, there are some solutions for certain masses values
that have large amplitudes at z = 0, and which can be characterized as being resonances.
To detect the resonant modes we use a technique widely applied in the context of thick
branes [14, 16, 26, 27, 31–35, 53–55] based on the calculation of the probability density of
the wave function. We have normalized the wave functions in a box so that its borders are
far from the turning points. As noted in Ref. [14], the choice of the size of the box has no
physical significance, since if it is chosen sufficiently large, it does not interferes with the
position of the resonant modes.
To complete the study of the massive spectrum we calculate the value of the lifetimes of
resonant modes in addition to analyzing the conditions under which they can be changed.
As noted, the lifetime value helps us to know the shape of the resonant modes solution as
well as its coupling with the membrane. Narrow peaks on the probability density function
correspond to higher lifetimes, so that they characterizes large amplitudes at z = 0 for the
solutions of the Schro¨edinger equation.
We find interesting relations between the resonance life-times and the internal structure
of the defect. This characteristic was also observed for the resonances found in the study of
fermions localization in Bloch branes [14]. When we make the brane thicker, the resonance
lifetime is reduced and it is washed out from the spectrum. Therefore, its effect will not be
important. However, when we increase the coupling of the dilaton with the KR field, the
width of the resonances fall indicating larger lifetimes and hence, modes highly coupled to
the brane. With respect of the specific energies where the resonant modes appear, they are
increased while raising the thickness of the defect or the dilaton coupling.
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